A simple unconstrained steepest-descent procedure is described for the preliminary refinement of protein coordinates in real space. The method is illustrated by application to ribonuclease S.
A corrected version is given of equation (10) in Bond [Acta Cryst. (1960) . 13, 814-818].
In the paper by Bond (1960) , equation (10) This value should be added to the apparent Bragg angle. BOND, W. L. (1960) . Acta Cryst. 13, 814-818. Acta Cryst. (1975) . A31, 698
Preliminary refinement of protein coordinates in real space. By A simple unconstrained steepest-descent procedure is described for the preliminary refinement of protein coordinates in real space. The method is illustrated by application to ribonuclease S.
The typical procedure used to determine the atomic coordinates of proteins from single-crystal X-ray diffraction analysis makes use of the optical comparator described by Richards (1968) to build a skeletal model of the protein into the electron density map. The positions of the component atoms are then carefully measured from this model and transformed into a suitable reference frame for comparison with the Fourier map. The atomic coordinates are thus subject to systematic errors at each stage in this procedure.
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These errors might, for example, arise from a misplaced reference origin, rotational shifts, shears and non-orthogonality of the reference axes. The random errors related to the difficulty in fitting the skeletal model in the poorly defined regions of the electron density map and the exact disposition of the bond angles and dihedral angles within the skeletal model are exceedingly difficult problems and will not be considered here, as they have been treated by Diamond (1971) .
The systematic errors are, however, amenable to treatment by a simple unconstrained steepest-descent procedure which is outlined below. The results of this analysis are presented for ribonuclease S. It is assumed that the starting coordinate set has been carefully measured and is expressed in the same reference frame as the electron density map. Let 07. represent the total sum of the electron density recorded at each of the identified atomic positions, X~, for N atoms and define the set X~ such that Or is a maximum: then N 0r(max) =t =~10(X~) •
(1)
We assume that the two coordinate sets Xt and X~ are related by the non-singular linear inhomogeneous transformation y, = la,2 a22 a32| (i= 1,N).
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The 4 x 3 matrix in equation (2) is composed of a general translation vector b coupled with the 3 × 3 matrix A which can be considered to represent simultaneously corrections for general rotation, shears, expansions and non-orthogonal reference axes for the N atomic positions.
Equation (2) can be solved for the atj and bt by determining the left-hand side using the method of steepest descent. The usual difficulties encountered with this method are of no concern here owing to the favorable shape of the electron density distribution near the approximately correct atomic positions. The steepest-descent method requires calculation of the gradient of the electron density, O, at each X,; this is easily computed from the Fourier map by reevaluating the electron density for each of the atomic positions at the point X,+AX. Thus, in an orthogonal grid system, the gradient of O is
Ao(X,) Ao( Y,) Ao(Z,)
Vo(X,) = --A--X2 i + -~-I;,i-j + ~ k. 
(5)
Application to ribonuclease S
The coordinates for ribonuclease S (Wyckoff, Tsernoglou, Hanson, Knox, Lee & Richards, 1970) were re-read after some readjustment of the peptide chain to improve the fit with the electron density map. Equation (5) was used to cast these coordinates into the same reference frame as that used in the above reference. 50 of the C,~ atomic positions which were calculated to have been displaced the least, < 0-4 A, were used to compute the transformation matrix. Shifts of 0.4 A in each of the coordinate components were used in equation (3) to calculate the gradient at 567 atomic centers; these included all the atoms in the polypeptide backbone and Ca except for residues 1, 32, 62, 124 and 18-23. The value of the constant C was arbitrarily set at 0.25; the transformation matrix in (5) corresponding to this value of C is 1.005 0.004 0-004\ 0.005 1.004 0.006 / -0.011 -0.005 1-005] 0-060 -0"274 0"129/ .
This matrix applied to the entire coordinate set produced an average shift of 0-44/~,; the origin of most of this shift is obviously in the translation element b2. It is interesting to note that this element corresponds to the direction orthogonal to the Fourier map sections. A second cycle gave an average shift of 0.191 A,. Fig. 1 shows a comparison of the average electron density summed for the backbone atoms and Ca plotted against the sequence numbers before and after the two refinement cycles. There is an obvious improvement in continuity of the electron density along the polypeptide backbone; in addition, the average electron density at each atomic site increased 32 % for the backbone atoms and 22 % for the side-chain atoms. In spite of the fact that no stereochemical constraints were applied, the bond lengths and bond angles remained relatively unchanged under the above transformation; the average values of the C,-C', C'-O and C,-N bonds are 1-536, 1-218 and 1.466 ~ respectively.
The coordinates produced by this procedure have been listed by Richards & Wyckoff (1973) and used by them to prepare full drawings of the structure. They are also on file in the Protein Data Bank, designated set 6D (T. F. Koetzle, Department of Chemistry, Brookhaven National Laboratory, Upton, New York 11973).
